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APPROXIMATE WEAK AMENABILITY OF 
CERTAIN BANACH ALGEBRAS 

BEHROUZ SHOJAEE and ABASALT BODAGHI 

Abstract. It is shown that for a locally compact group G, if L^{G)** 
is approximately weakly amenable, then M(G) is approximately weakly 
amenable. Then, new notions of approximate weak amenability and ap¬ 
proximate cyclic amenability for Banach algebras are introduced. Bounded 
a;*-approximately weakly [cyclic] amenable £^-Munn algebras are charac¬ 
terized. 


1. Introduction 

The notion of weak amenability was introduced by Bade, Curtis and 
Dales in [T] for commutative Banach algebras. Later, Johnson defined weak 
amenability for arbitrary Banach algebras m and showed that for a locally 
compact G, the group algebra L^{G) is weakly amenable (for shorter proof see 
[6]1. It is shown in [13] that if L^{G)** is weakly amenable, then M{G), the 
measure algebra of G is weakly amenable. It is also proved in [6] that M{G) 
is amenable if and only if the group G is discrete and amenable. The notion 
of cyclic amenability for Banach algebras was introduced by Grpnbmk in m- 
Then the approximate version of mentioned notions are studied in [12] and 
m for Banach algebras. 

In [7j, Esslamzadeh introduced ^^-Munn algebras which are a class of Ba¬ 
nach algebras. He investigated some basic facts about the structure of £^-Munn 
algebras and characterized those with bounded approximate identities. The 
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characterizing of amenable ^^-Munn algebras by explicit construction of ap¬ 
proximate diagonals is also given there. In |19j . Shojaee et al. studied weak 
and cyclic amenability of £^-Munn algebras and showed that under certain 
condition, cyclic [resp. weakly] amenability of a ^^-Munn algebra is equivalent 
to the cyclic [resp. weakly] amenability of the underlying Banach algebra A. 

In Section 2 of this paper, we show that if A**, the second dual of a Banach 
algebra A is approximately weakly amenable then A is essential. This could 
be regarded as the approximate version of a result of Ghahramani and Laali 
[9l Proposition 2.1]. We investigate some relationships between approximate 
weak amenability of Banach algebras A, B and the tensor product A®B. The 
main result of this section is Theorem 12.61 which asserts that for a locally 
compact G, approximate weak amenability of L^{G)** implies approximate 
weak amenability of M{G). In Section 3, we introduce the concepts of bounded 
u;*-approximate weak [cyclic] amenability for Banach algebras. By means of 
some examples, we show that these concepts are weaker than the weak and 
cyclic amenability. We also indicate some properties of such Banach algebras. 
Finally, we characterize ^^-Munn algebras that are bounded a;*-approximately 
weakly [cyclic] amenable. 

2. Approximate weak amenability 

We first recall some definitions in the Banach algebras setting. Let A be a 
Banach algebra, and let A be a Banach A-bimodule. A bounded linear map 
D : A —>■ X is called a derivation if 

D{ab) = D{a) - h + a - D{b) (a, b G A). 

For each x G A, we define a map ad^, : A — > X by ada;(a) = a-x—x-a (o G A). 
It is easily seen that ad^ is a derivation. Derivations of this form are called 
inner derivations. A derivation D : A —A is said to be approximately inner 
if there exists a net (xj) C A such that 

D{a) = lim(a ■ Xi — Xi ■ a) (a G A). 

i 

Hence D is approximately inner if it is in the closure of the set of inner deriva¬ 
tions with respect to the strong operator topology on B{A), the space of 
bounded linear operators on A. The Banach algebra A is approximately 
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amenable if every bounded derivation D : A —)■ X* is approximately in¬ 
ner, for each Banach ^-bimodule X |12j . where X* denotes the first dual 
space of X which is a Banach ^-bimodule in the canonical way. A Banach 
algebra A is called weakly amenable if every derivation D : A —>• A* is inner 
and it is called approximately weakly amenable, if any such derivation is ap¬ 
proximately inner. A is called cyclic amenable if every cyclic derivation from 
A into A* (i.e., {D{a),b) + {D{b),a) = 0, for all a,b & A) is inner (see |19j . 

Let □ and 0 be the first and second Arens products on the second dual 
space A**, then A** is a Banach algebra with respect to both of these products. 
Let Zi{A**) denote the first topological center of A**^ that is 

Zi{A**) = {a” G A** : b** ^ a**Ub** is ^*)-continuous}. 

The second topological centre is defined by 

Z 2 {A**) = {o** G A** : b** eA b**0a** is ^*)-continuous}. 

Theorem 2.1. Let A be a Banach algebra. 

(i) Suppose that B is a closed subalgebra of such that ^ C B. 

IfB is approximately amenable, then A is approximately amenable; 

(ii) Suppose that Zi{A**) {or Z 2 {A**)) is approximately amenable. Then 
A is approximately amenable. 

Proof, (i) Assume that D : A —^ X* is a continuous derivation. By 
[2l Proposition 2.7.17(i)] the map D** : (^**,0) — > X*** is a continuous 
derivation, and so D**\-b is a derivation. Thus there exists a net (x***) C JY*** 
such that 

D** (b) = lim 6 • x*** -X*** -b (6 G B). 

OL 

Consider the projection map P : X*** —>■ X* which is an ^-module. Then 
D{a) = P{D**{a)) = lima • P(x”*) - P(x***) -a (a G A). 

a 

Therefore A is approximately amenable. 

(ii) It is immediately follows from (i). □ 

One should remember that the amenability case of Theorem 12.11 has been 
proved by Ghahramani and Laali in [9l Proposition 1.1], but our proof is 
different. 

Recall that a topological algebra A is said to be essential if A"^ is dense in 
A. In [U Proposition 2.1], Esslamzadeh and Shojaee proved that if the Banach 
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algebra A is approximately weakly amenable, then A is essential. The same 
conclusion holds if A** is weakly amenable [9l Proposition 2.1], We show this 
result for the approximate case as follows. 

Theorem 2.2. Let A be a Banach algebra. If is approximately 

weakly amenable, then A is essential. 

Proof. Assume towards a contradiction that A"^ is not dense in A. Take 
qq € and A € such that X\j^2 = 0 and (A,ao) = 1. Consider 

the map D : A** —^***; a** i-A (A,a**)A. Obviously, D is continuous 
and linear. For each a**,b** G A**, there are nets {aa),{bg) C A such that 
a**n6** = ui*—\iTa.a lim^ Oabg. We have {a**\I\b**, A) = lim^ lim^(A, aabg) = 0, 
and so D{a**\I\b**) = 0. On the other hand, 

{a** ■ D{b**),c**) + ■ b**,c**) = {D{b**), c**na**) + {D{a**),b**ac**) 

= {b**,X){c**na**,X) 

+ {a**,X){b**ac**,X) = 0. 

Thus D : A** —)■ ^*** is a derivation, but it is not approximately inner. In 
fact {D{ao),ao) = 1, whereas 

lim(adAa (oo), oo) = lim(ao • Aa - A^ • ao, oq) = lim(Aa, Og - Og) = 0, 

Q. a. O' 

for any net (Aq) C A***. This being a contradiction of A** is approximately 
weakly amenable. □ 

Recall that a character on the Banach algebra is a non-zero homomor¬ 
phism from A into C. The set of characters on A is called the character 
space of A and denoted by Also, A is said to be dual if there is a closed 
submodule Al* of A* such that A = Al. 

It is shown in part (ii) of [8l Propositions 2.1] that the homomorphic 
image of an approximately weakly amenable commutative Banach algebra is 
again approximately weakly amenable. In the next theorem, we generalize 
this result. 

Theorem 2.3. Let A and B be Banach algebras. 

(i) Suppose that ip ; A —> B and if : B —A are continuous homomor- 
phisms such that otp = 1^. If A is approximately weakly amenable, 
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then B is approximately weakly amenable. Moreover, if {A**, □) is ap¬ 
proximately weakly amenable, then is approximately weakly 

amenable; 

(ii) Suppose that A is a dual Banach algebra. If {A**, □) is approximately 
weakly amenable then A is approximately weakly amenable; 

(iii) Suppose that A is commutative. Then A and B are approximately 
weakly amenable if and only if the -direct sum A®iB is approxi¬ 
mately weakly amenable; 

(iv) Suppose that A is weakly amenable. Then B is approximately weakly 
amenable if and only if the A-direct sum A®iB is approximately 
weakly amenable; 

(v) Suppose that A is commutative. Then A is approximately weakly 
amenable if and only if ^(8>v4. is approximately weakly amenable; 

(vi) Suppose that A and B are unital, and 4>i G (j )2 G If A^B 
is approximately weakly amenable, then A and B are approximately 
weakly amenable. 

Proof, (i) Let D : B —)• B* be a derivation. We can consider B as an 
^-bimodule with actions a-x = ip{a)x and x-a = xip{a) for every a £ A,x £ B. 
Hence the map (p* is an ^-module homomorphism, and thus 

ip* o D o p{ah) = p*{D{p{a)) ■ p{h) + p{a) ■ D{p{b))) 

= p* o D o p{a) ■ b -p a ■ p* o D o p{b), 

for all a,b £ A. Hence, p* o D o p : A —^ A* is a continuous derivation. 
Therefore there exists a net (a* ) C A* such that p* o D o p{a) = lima (a • a* — 
a* - a) {a £ A). The equality p o = 1^ implies fj* o p* = 1^* , and thus for 
every c £ B, we get 

D(c) ='ip* op* oDopo Tp^c) 

= ip*{p* o D o p{'ip{c)) 

= ijj*{l[m{i;{c) • a* - a* • i/;(c))) 

= liunp*(ipic) ■a*„-a*„- Tp{c)) 

a. 

= \\ui{c-'p*{a*^)-'p*{a*^) ■ c). 

a. 

The above equalities show that B is approximately weakly amenable. Since 
p** o Ip** = Ijs**, (B**, □) is approximately weakly amenable. 
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(ii) According to [3l Theorem 2.15], is a a;*-closed ideal in A** 

and A** = (A*)"'". Now, if tp : A** —)■ A is the projection map and 

'll: : A —> A** is the inclusion map, then po if; = I^, hence by part (i) we get 
the desired result. 

(iii) It is known that weak amenability and approximate weak amenability 
coincide for a commutative Banach algebra, and so we deduce the sufficiency 
part by [Sj Proposition 2.2(iii)]. 

Conversely, the maps p : A(B B — A] a (B b a and V’ : A — A(B B] 
a i-A a © 0 are continuous homomorphisms and p o if) = /_ 4 . By (i), A is 
approximately weakly amenable. Similarly for B. 

(iv) The proof is immediately by [8l Proposition 2.2(iii)] and part (i). 

(v) The sufficiency part follows immediately from m Proposition 2.6]. 
For the converse, in light of [2l Corollary 2.8.70] we can suppose that A has an 
identity. Consider the homomorphisms ip : A® A —A defined by p{a © 6) = 
ab and '0 : A — > A® A hy ijj{a) = a©e^, where is the identity of A. Easily, 
p oip = Now, part (i) shows that A is approximately weakly amenable. 

(vi) One can check that the maps p : A^B —> A, p{a © 6) = 4>2{b)a and 

'll: : A —> A^B, i^{a) = a® es are homomorphisms so that p o p = I^. It is 
a consequence of part (i) that A is approximately weakly amenable. Similarly 
for B. □ 

Recall that a linear functional d on A is a point derivation at p £ if 
d{ab) = p{a)d{b) + p{b)d{a) (a, b £ A). 

Theorem 2.4. Let A and B be Banach algebras and A®B is approximately 
weakly amenable. 

(i) Then both A and B are essential; 

(ii) If p £ 4>_4 and if £ then there are no non-zero point derivations 
on both A and B; 

(iii) If A©A. is approximately weakly amenable, then A is essential and 
there is no non-zero point derivation on A. 

Proof, (i) It suffices to consider A. For B is similar. Suppose that A^ A 
A. Take oq G and A G A* such that A |_42 = 0 and (A,ao) = I. Also, 

choose p £ B* and bo £ B such that {p,bo) = 1. Define D : A®B — {A®B)* 
by D{a © 6) = {\,a){p,b){X © p) where a £ A and b £ B. It is easy to see 
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that D is a derivation. Due to approximate weak amenability of A^B, there 
exists a net (xq) C such that D{a (8> 6) = limQ,(a ®h)-Xa — Xa- 

{a ® b) {a ^ A,b ^ B). Therefore {D{ao (D ® bo) = 1. On the other 

hand, limQ,(((oo iD bo) ■ Xa — Xa ■ (ao ® bo), oq (D bo)) = 0. This contradicts our 
assumption. 

(ii) Suppose that d is a non-zero continuous point derivation at cpi € 

We can show that the map D : A<^B — {A(S)B)*, D{ai^b) = d{a)'ip{b)ipi 
is a derivation. Since A0B is approximately weakly amenable, there exists a 
net (xq) C (A^B)* such that 

D{a (g) 6) = lim(a ® b) ■ Xa — Xa ■ {a ® h) (a G 6 € B). 

a. 

Take b £ B such that 'ip{b) = 1. Then d{a)ifi{a) = 0, and so d|(A-A;er(/Pi) = 0- 
Thus, since d is a point derivation at and also using (i) we obtain d = 0 
which is a contradiction. 

(hi) The result is a direct consequence of parts (i) and (ii). □ 

Theorem 2.5. Let G be a locally compact group. Then the following are 
equivalent: 

(i) M{G) is weakly amenable; 

(ii) M{G) is approximately weakly amenable; 

(hi) There is no non-zero, continuous point derivation at a charaeter of 
M{G); 

(iv) G is diserete. 

Proof, (i)^(ii) is obvious. 

(ii) ^(iii) By [SI Proposition 2.1] and [H Proposition 1.3]. 

(iii) ^(iv) By |6l Theorem 3.2]. 

(iv) =^(i) By [SI Theorem 1.2]. □ 

Let G be a locally compact group. Recall that LUG{G) is the space of 
bounded left uniformly continuous functions on G under the supremum norm 
and Co{G) is the space of continuous functions on G vanishing at infinity. 

Theorem 2.6. Let G be a loeally compact group, and let (L^(G)**,n) 
be approximately weakly amenable. Then M{G) is approximately weakly 
amenable. 
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Proof. By [111 Lemma 1.1], LUC{G)* = M(G)0C'o(G)-*- where Cq{G)-^ 
is a closed ideal in LUG{G)*. Assume that E is a right identity for L^{G)** 
in which ||.E|| = 1. Then L^{G)** = EL^G)** © (1 - E)L^{G)** for which 
(1 — E)L^{G)** is a closed ideal in L^(G)**. In addition, by |10j . EL^{G)** = 
LUG{G)*. Therefore the projection maps Pi : L^{G)** — LUG{G)*, 
P 2 : LUG{G)* —> M[G) and the inclusion maps ti : LUG{G)* —)■ L^{G)**, 
i 2 : M{G) —^ LUG{G)* are homomorphisms such that Pi o ii = Iluc{G)* 
and P 2 o i 2 = Im{G)- ^y assumption that L^{G)** is approximately weakly 
amenable, the above relations and part (i) of Theorem 12.31 we deduce that 
LUG{G)* approximately weakly amenable. Consequently, M{G) is approxi¬ 
mately weakly amenable. □ 

Corollary 2.7. For a non-discrete locally compact group G, the Banach 
algebra (P^(G)**,n) is not approximately weakly amenable. 

Proof. The result follows from Theorem 12.51 and Theorem 12.61 □ 

3. Bounded a;*-approximately weak [cyclic] amenability 

We first introduce two new notions of amenability; bounded oj*- 
approximate weak amenability and bounded a;*-approximate cyclic amenabil¬ 
ity as follows: 

Definition 3.1. A Banach algebra A is bounded a;*-approximately weakly 
amenable if for every continuous derivation D : A —^ A*, there is a net 
(xq) C a*, such that the net (ad^^) is norm bounded in B{A,A*) and 

D{a) = Lo* — Ymiadx^{a) {a £ A). 

a. 

Definition 3.2. A Banach algebra A is bounded w*-approximately cyclic 
amenable if for every cyclic continuous derivation D : A —>■ A*, there is a net 
(xa) E A*, such that the net {adx^) is norm bounded in B{A,A*) and 

D{a) = u* — Mm.adxa{a) {a ^ A). 

a. 

Obviously that all notions of weak amenability, approximate weak 
amenability and bounded uj*- approximate weak amenability coincide for a 
commutative Banach algebra. Moreover, if .A is a commutative Banach alge¬ 
bra without identity, then it is bounded a;*-approximately weakly amenable 
if and only if A^ is bounded u;*-approximately weakly amenable. These facts 
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fail to be true in general. In the following example we give a Banach algebra 
that is bounded t<;*-approximately weakly [cyclic] amenable but not weakly 
[cyclic] amenable. 

Example 3.3. We are following Example 6.2 of m- So we have a Banach 
algebra A that is not weakly amenable, but is approximately amenable. In 
other words, as is showed in the mentioned example for every derivation D : 
A — >■ A* there exists a sequence (xn) C A* such that Da = lim„ adx^{a) for 
each a ^ A. Hence the sequence {adx„) is bounded and thus A is bounded 
a;*-approximately weakly amenable. 

It should be mentioned that some properties such as, being essential, not 
having non-zero point derivation, hold for Banach algebras that are bounded 
t(;*-approximately weakly amenable hold. The proofs of them are similar to 
the [approximate] weak amenability case. The following theorem is analogous 
to Theorem 12.31 and we prove only part (i). 

Theorem 3.4. Let A and B he Banach algebras. 

(i) Suppose that ip : A —> B and : B — A are continuous homo- 

morphisms such that ip o il) = 1^. If A is bounded u*-approximately 
weakly amenable are, then B so is. Moreover, if {A**, D) is bounded 
oj*-approximately weakly amenable, then so is; 

(ii) Suppose that A is a dual Banach algebra. If is bounded 

io*-approximately weakly amenable, then A so is; 

(hi) Suppose that A is commutative. Then A and B are bounded u*- 
approximately weakly amenable if and only if the A-direct sum A(BiB 
is bounded u*-approximately weakly amenable; 

(iv) Suppose that A is weakly amenable. Then B is bounded iv*- 
approximately weakly amenable if and only if the A-direct sum A®iB 
is bounded uj*-approximately weakly amenable; 

(v) Suppose that A is commutative. Then A is bounded u*-approximately 
weakly amenable if and only if A^A is bounded u*-approximately 
weakly amenable; 

(vi) Suppose that A and B are unital, and 4>i G (j )2 G If A^B 
is bounded w*-approximately weakly amenable, then A and B are 
bounded iw*-approximately weakly amenable . 
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Proof. We follow the argument of the proof of Theorem 12.31 Let D : 
B —> B* be a derivation. Then ip* o D o (p : A —)• A* is a continuous 
derivation, and so there exists a net (a*) C A* such that the net {ada’^) is 
bounded and 

p* o D o pia) = uj* — limada* (a) = ui* — lim(a ■ a* — a* ■ a) (a ^ A). 

We have ip* op* = 7g* and also ip* is a;*-continuous. Thus for every c £ B, 
we get 


D{c) =ip*op*oDopo ipic) = ip*{p* o D o p(ip{c)) 

= UJ* — Y\m.ip*{ip{c) 'i/’(c)) 

a. 

= w* - lim(c • Ip*{a*^) - ip*{a*^) ■ c) 

Q. 

= uj* - limad^*(a*)(c). 

Since ad^*(a*)(c) = ip*{ada’^{ip{c))) and the net {ada’^) is bounded, the net 
(ad. 0 *(a*)) is bounded. The arguments of other parts in Theorem 12.31 work to 
finish the proof. □ 

We should recall that a Banach algebra A is approximately amenable if 
and only if A is a;*-approximately amenable m Theorem 2.1]. Now, in view 
of |12l Theorem 3.2], we can show that a locally compact group G is amenable 
if and only if L^{G) is bounded [a;*]-approximately amenable. 

Using Example 13.31 we present a Banach algebra which is [bounded cj*-] 
approximately weakly amenable but it is neither weakly amenable nor approx¬ 
imately amenable. 

Example 3.5. Let G be a non-amenable discrete group. Then i ^{ G ) is 
approximately weakly amenable, but not approximately amenable |12l The¬ 
orem 3.2]. Now, consider the Banach algebra A as in Example 13.31 Then 
B = A (-^{G) equipped with 7^-norm is a Banach algebra. The maps 
Pi : B —A and p 2 '■ A —B are homomorphisms in which pi o p 2 = Iji- 
Since 7^(G) is weakly amenable, B is [bounded w*-] approximately weakly 
amenable by [ 8 l Proposition 2.2(iii)] and the part (iv) of Theorem 13.41 By 
Theorem 12.31 (ii and [121 Proposition 2.2], B can not be weakly amenable nor 
approximately amenable. 
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In light of Theorem 13.41 we can prove Theorems 12.4112.51 and 12.61 for the 
bounded a;*—approximate weak amenability case. 

Let ^ be a unital Banach algebra, I and J be arbitrary index sets and P 
be a J X / matrix over A such that all of its non-zero entries are invertible 
and ||T’||cxd = sup{||Pji|| : j € J,i € /} < 1. The set i^{I x J^A), the vector 
space of all / X J matrics X over A with product X oY = XPY is a Banach 
algebra that we call the A-Munn-algebra over A with sandwich matrix P and 
denote it by LM{A,P) (for more information see [7]L 

Theorem 3.6. If A is bounded u*-approximately cyclic amenable Banach 
algebra, then so is LM{A, P). 

Proof. Suppose that /3 € J,a G I such that P^g A 0 q = P~^- Let 
D : LM{A,P) — LM{A, P)* be a bounded cyclic derivation. Dehne D via 

D ■. A —> A*, {Da, b) = {D{qaega), qbejsa), 

for all a,b € A. Clearly, D is a bounded linear map. By m Theorem 2.1], 
D is a bounded cyclic derivation, hence there exists a net C A such that 
the net {ad^ ) is bounded and 

D(a) = oj* — lim adr (a) = oj* — lim a ■ ■ a. 

'■y V'J ^ 'y 

Put 'tlj^{a£ij) = 'ij;^{pjia) + {D{q£f^j),aeia) for all i&I,j^J,a€A. It is easy 
to see that € LM{A, P)*. We wish to show that the net {ad^^) is bounded. 
For every a,b £ A, j,l G J and i,k £ I, we have 

{ad^^{a£ij'), b£},,i) — {a£ij • • a£ij,b£i,,i) 

= pip^, b£ki o a£ij) - a£ij o b£ki) 

= {P^'Y,bPiia£kj) - {'ip^,aPjkb£ii) 

= i^'f^PjkbPua) {D{q£i3j),bPiia£ka) 

- {^'i^PliaPjkb) - {D{q£i3j),aPjkb£ia) 

= {ad^^{Piia),Pjkh) + {D{q£pj),bPiia£ka) 

{D{q£fijP aPjkb£icP)• 

Thus \{ad,p^{a£ij),b£ki)\ < ||||a||||6|| +2||i:)||||a||||6||. On the other hand, 

the net {ad^ ) is bounded, so 

\{ad,p^{Bi),B2)\ < (jjad^JI +2p||)||i?i||i||i?2||i G LM{A,P)). 
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Now, let S = aSij and T = be^i be non-zero elements in LM (^, P) and U = 
qepj^ V = qepi-, X = aeia and Y = qpjkbepa- Then, S = XoU,UoT = YoV 
and {D(y o X),Y) + {DY, V o X) = Q. By [18, Theorem 2.1] we get 

{D{X), UoT) = {D{V o X),Y) - {DiV),X o Y). (3.1) 

Also 

{D{VoX),Y) = {D{qPiiaepa),qPjkbepa) 

= {D{Piia),Pjkb) 

= lim{{Pii.a).ij^ - '^^.{Piia), Pjkb) 

7 

= l\m{{ijj^,PjkbPiia) - {i)^,PiiaPjkb)). (3.2) 

7 

Applying (13.11) and (13.2p . we have 

{DiS),T) = {D{U),T o X) + (DiX), U o T) 

= {D{U),T oX) + {D{V o X), Y) - {D{V),X o Y) 

= {D{q£pj),bpiiaeka) + lim((^.^,pjfc6p,ja) 

- {^'r,PiiaPjkt>)) - {D{qepi),apjkb£ia) 

= lim{{ip^,bpiiapkj) - {'4)^,apjkbeii)) 

7 

= lim(('0-),, T o S) — (i/^-y, S o T)) 

7 

= lim(ad.0.^(5),r). 

The net (ad^^) is bounded, and thus 

{D{B,),B2) =lim{ad^^B^,B2) {B^,B2 G LM{A,P)). 

The above equality shows that 

D{B) = Lo*-limad^ B {B£LM{A,P)). 

7 

Therefore LM (A, P) is bounded a;*-approximately cyclic amenable. □ 

The proof of the following lemma is similar to the proof of m Lemma 
2 .2], so is omitted. 

Lemma 3.7. If A is bounded u*-approximately weakly amenable Banach 
algebra, then every continuous derivation D : LM{A,P) — LM{A,P)* is 
cyclic. 
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The next theorem is an immediate consequence of Theorem l3.6l and Lemma 

EZl 


Theorem 3.8. If A is bounded uj*-approximately weakly amenable, then 
so is LM{A, P). 

In the upcoming theorem we show that the converse of Theorems 13.61 and 
13.81 are true as long as the sandwich matrix P is square; i.e, the index sets I 
and J are equal m Remark 2.4]. 

Theorem 3.9. Suppose P is a regular square matrix and LM{A, P) has 
a bounded approximate identity. Then A is bounded uj*- approximately weakly 
[resp. eyelic] amenable if and if LM{A, P) is bounded uj*- approximately weakly 
[resp. cyclie] amenable. 

Proof. By Theorem 13.81 we need only to prove the converse statement. 
According to [^, the index set I is finite and LM{A,P) is topologically iso¬ 
morphic to A®Mn for some re G N. li D ■. A — A* be a bounded derivation, 
then D (8> 1 is a bounded derivation from A®Mn to {A®Mn)* . Moreover, if D 
is cyclic, then so is D (8) 1. Thus there exists a net (Xa) G {A®Mn)* such that 
the net (adx^) is bounded and D{B) = w*-limQ adxai^) for every B G A®Mn. 
For each a, we put Xa = ^Eij (xfj G A*). Now, for a,b G A we get 

D{a) (gi eii = (D <8 l)(a (gi en) 

= uj* - lim((o (g) (8 Eij) - (8 Eij){a (8 £ii)) 

= UJ* — lim(S[L;^a. • xfi <8 Eh — TP^ixfm <8 eii). 

Q, J J J 

Thus 

{D{a) <8 £ 11,6 <8 eii) = lim(S”=]^o • xfi (8 £ii — • a (8 £ij, 6 (8 eii). 

We have {D{a),b) = lima(a• xf^ — xf^ - a,!), and so D{a) = uj* — limQ(a• xf^ — 
xfi - a). To complete of the proof it is enough to show that the net is 

bounded. For this, we have 

(adxfi (a), b) = {a- xfi - xfi ■ a, b) 

= (S”=ia • xfi <8 £*1 - ■ a® Eij,b® £ii) 

= {adx^{a®Eii),b®Eii). 
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Hence 

\{ad^<^^{a),b)\ < ||odx„ ||||o||||6||. 

Therefore A is bounded ii;*-approximately weakly [resp. cyclic] amenable. □ 
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